Applications of the Hopf trace formula to computing homology representations SHEILA SUNDARAM 0. Introduction.
arbitrary poset P; the idea that the M obius number of the xed-point subposets gives information on the character values of the representation of G on the homology of P is illustrated with the example of S n acting on the Boolean lattice of subsets of an n-element set. For Cohen-Macaulay posets, this approach was rst pursued by Stanley ( St1] ), and later by Calderbank, Hanlon and Robinson ( CHR] ).
In Section 2 we focus on the action of the symmetric group, by permutation of coordinates, on products of posets. We show how, under certain conditions, the Hopf trace formula can be used to give a new, simple proof of the existence of sign twists in the action of S n on the homology of a product of n copies of a poset P: These sign twists predict, for example, the exterior algebra structure of the cohomology of the complement of the complexi ed hyperplane arrangement of type A n?1 (see Arnold A] ). This action is of added interest because in many of the recently studied examples of hyperplane arrangements, and more generally subspace arrangements (see Bj3], BjWe] and SWe1]), lower intervals in the intersection lattice L n of the arrangement (where n is the dimension of the ambient space) are isomorphic to products of copies of the lattice L t for smaller parameters t: From the formula of Goresky and MacPherson ( GM] ), the homology of these lower intervals essentially determines the cohomology of the complement of the arrangement. From the recent generalisation of this formula in SWe1], the group action on the cohomology of the complement is in turn determined (completely, in the complexi ed case) by the group action on the homology of the lower intervals. The paper of Bj orner Bj3] is an excellent introduction to the combinatorial and topological aspects of subspace arrangements.
Another product, called the reduced product, is introduced and discussed in Section 2. The reduced product is a proper subposet of the ordinary product of posets (with unique minimal and maximal elements), and is exempli ed by lower intervals in the d-divisible partition lattice (see Bj3], CHR] and Wa]). The corresponding d-divisible orbit arrangement of Bj3] is thus one example of a subspace arrangement in which reduced products arise. The homology representation for lower intervals in this case was determined in Su], and applied to the cohomology of the arrangement and its orbit space in SWe1] . A more general class of subposets of the partition lattice whose lower intervals admit a reduced product structure, is discussed in Section 4.
The discussion in Section 2 leads to a general theorem (Theorem 2.10) on computing the S n -action on the homology of ordinary and reduced n-fold products of posets. We begin by using the Hopf trace formula to give elementary and self-contained proofs (see Propositions 2.3 and 2.7) of these results in the case when the poset is Cohen-Macaulay (or, in slightly more generality, in the case when the homology of the poset is concentrated in a single degree). The general case requires topological arguments, and is proved in SWe2]. However, even in the case of posets with homology occurring in arbitrary degrees, the Hopf trace formula can be used to determine the sign twists on the virtual module consisting of the alternating sum, by degree, of the homology modules of the poset. This, the main result of this section, is recorded in Theorem 2.10.
These results are illustrated with applications to the ordinary partition lattice, (see St1] ) and also to the d-divisible lattice, and the subposets with block sizes congruent to 1 mod k; (whose homology representations were rst studied in CHR]).
In the next two sections of the paper, we use Theorem 2.10 together with the acyclicity of Whitney homology established in Su], to derive new formulas for the homology representation of the symmetric group on subposets of the partition lattice with speci ed block sizes. In the case of arbitrary posets, the plethystic generating function determines the representation on the alternating sum of the top homology modules of the poset (one side of the Hopf trace formula). In this part of the paper we assume some familiarity with the theory of symmetric functions, as in M] .
In Section 3, following Bj orner and Lov asz, we consider the class of posets of partitions with block sizes restricted to a xed subset T containing 1. Again these posets exemplify the phenomenon of having lower intervals isomorphic to products. The formulas (3.1) and (3.2) of Theorem 3.5 may be viewed as groupequivariant generalisations of the formulas of BL] for the M obius function. In the case of the k-equal lattice, they specialise to an elegant identity (equation (3.3)) for the alternating sum of the homology modules.
Finally in Section 4 we consider the case of partitions with block sizes restricted to a xed subset T ; where now T does not contain 1. In this case the lower intervals are reduced products, and again Theorem 2.10 immediately gives a plethystic recurrence for the alternating sum of the top homology modules. This in turn gives generating functions for the M obius number and the characteristic polynomial.
A major limitation of the formulas of Theorems 3.5 and 4.2 is that, in the case where homology occurs in arbitrary degrees, they fail to isolate the contribution to the homology of the poset by degree. For the k-equal partition lattice (k;1 n?k ) ; the homology representations by degree were determined in SWa] by using a topological decomposition of the order complex provided by a lexicographic shelling of the poset. The lattice (k;1 n?k ) is the rst known example of the extension of Bj orner's theory of shellability to nonpure posets; the shelling appears in BWa] (see also SWa]).
We conclude the paper in Section 5 with yet another identity (equation (5.1)) for the alternating sum of homology modules of partitions with restricted block sizes. Remarkably, in the case of the k-equal lattice, this formula predicts precisely the result of SWa, Theorem 3.2] for the homology representation in each degree. This calculation suggests a general formula for the characteristic of the homology representation in degree r: For arbitrary posets, as in the k-equal case, it seems unlikely that the homology representation in each degree can be determined without additional topological information.
1. The Hopf trace formula.
We begin with some de nitions. For more information on partially ordered sets (posets) and M obius numbers see St2]. All posets in this paper are assumed to be nite.
The unique minimal (respectively maximal) element of a poset P; when it exists, will be denoted0 (respectively1).
The proper part of a poset P with minimal element0 and maximal element 1; denoted P; is de ned to be the subposet Pnf0;1g: The order complex (Q) of an arbitrary poset Q is the simplicial complex whose oriented i-dimensional simplices x 1 ; : : : ; x i+1 ] are precisely the i-chains (x 1 < : : : < x i+1 ) of Q: (Points are 0-simplices, a line segment joining two points x 1 and x 2 is a 1-simplex and so on; the empty simplex has dimension ?1:)
The general reference for concepts from algebraic topology is Mu]. All homology in this paper will be over the eld of complex numbers.
Let P be a poset with0 and1: We de ne the reduced homology of P in degree i; written e H i (P); to be the reduced homologyin degree i of the simplicial complex ( P) of the proper part of P: (The order complex of P itself can be contracted to a point, and is therefore not of interest topologically. In particular its reduced homology vanishes identically.) Note that an oriented i-simplex in this simplicial complex corresponds to an (i + 2)-chain (0 = x 0 < x 1 : : : < x i+1 < x i+2 =1) in P: In particular the 1-chain (0 <1) corresponds to the empty simplex, of dimension (?1); in ( P):
For a simplicial complex, and in particular for a poset P; it is not hard to give a precise de nition of homology. For i 1; de ne C i (P) to be the (complex) vector space with basis the i-chains of P: Note that C 1 (P) is the one-dimensional vector space spanned by the empty chain (0 <1): De ne, for i 0; the boundary operator @ i : C i+2 (P) 7 ! C i+1 (P) by @ i (0 = x 0 < x 1 : : : < x i+1 < x i+2 =1) = i+1 X j=1 (?1) j?1 (0 = x 0 < x 1 : : : < b x j < : : : < x i+1 < x i+2 =1); where the hat denotes suppression of the element in the chain.
The simplicial boundary operator is de ned in exactly the same way, with oriented simplices replacing the chains. (See Mu, p. 26 ] for a rigorous denition of oriented simplices.) Readers unfamiliar with these concepts may nd it instructive to see what the boundary operator does to an oriented 2-simplex x 1 ; x 2 ; x 3 ] (a closed triangle). Here one has @ 2 ( x 1 ; x 2 ; x 3 ]) = x 2 ; x 3 ] ? x 1 ; x 3 ] + x 1 ; x 2 ] = x 2 ; x 3 ] + x 3 ; x 1 ] + x 1 ; x 2 ]:
That is, intuitively, the image of @ 2 is precisely the boundary of the oriented simplex, in the geometric sense.
Let r be the length of the longest chain in P from0 to1; so that C i (P) = 0 if i > r: It is also easy to check that @ i @ i+1 = 0 for 0 i r ? 1: Hence for 0 i r ? 1; we can de ne the reduced homology e H i (P) of P in degree i to be the quotient of the kernel of @ i by the image of @ i+1 : De ne the reduced homology in degree ?1 to be the quotient of C 1 (P) by the image of @ 0 : Note that @ 0 is surjective if P has more than two elements, and hence e H ?1 (P) is zero unless P is the 2-element poset f0;1g; in which case it is de ned to be C 1 (P):
Finally de ne the top homology of P; in degree r; to be e H r?2 (P) = ker @ r?2 :
Note that, according to our de nitions, the homology classes of e H i (P) are represented by linear combinations of chains of length i+2 (i.e., simplices of dimension i).
For more information on the Hopf trace formula in algebraic topology, see Mu] . Let g be an automorphism of the poset P; or more generally, any orderingpreserving map of P into itself, that is, x < y in P implies g x < g y: Then g induces an action on the chains of P via the formula g : C i (P) 7 ! C i (P); for all i 1; g (0 = x 0 < x 1 < : : : < x i =1) = (0 = g x 0 < g x 1 < : : : < g x i =1):
In particular it is easy to check that, (for i 0), @ i g = g @ i ; that is, g commutes with the boundary operator. Theorem 1.1. (The Hopf trace formula for posets) Let P be a poset witĥ 0 and1; let r 1 be the length of the longest chain from0 to1: Let g be an order-preserving map g : P 7 ! P: Then g is an endomorphism both of the vector space of i-chains C i (P) and of the ith homology space e Proof. If r = 1 the statement follows trivially from the de nitions, so assume r 2: Since g commutes with the boundary operator, the subspaces ker @ i and im @ i are invariant under g: In particular g acts on e H i?2 (P); for i 1: The hypothesis r 2 guarantees that im @ 0 = C 1 (P):
We make two observations.
(i) Note that g commutes with the canonical isomorphism C i (P)= ker @ i?2 ' im @ i?2 induced by @ i?2 : It follows that the trace of the map induced by g on the quotient C i (P)= ker@ i?2 equals the trace of g on im @ i?2 : (ii) If is an endomorphism of a vector space V which leaves a subspace W invariant, then it is easy to see that the trace of the induced map on the quotient space V=W is the di erence of the traces on V and W:
This gives the equality of traces tr(g; C i (P)) = tr(g; ker @ i?2 ) + tr(g; im @ i?2 );
and hence the left-hand side of (1. A second application of observation (ii) completes the proof. Now take g to be the identity automorphism. Then the left-hand side of (1.1) is the M obius number (P) of P; it is also the reduced Euler characteristic of the order complex of the proper part of P (see Mu] , St2]). Hence we have, as a special case of ( 1.1) More generally, since g acts by permuting the chains of P; the trace of g on C i (P) is the number of chains xed by g: But a chain is xed by g if and only if its elements are xed point-wise by g: Hence the left-hand side is simply the M obius number (P g ) of the subposet P g of P consisting of elements xed point-wise by g:
Thus the Hopf trace formula may be stated in the form (1.3) (P g ) = X i 1 (?1) i tr(g; e H i?2 (P)):
Some remarks about classical terminology from topology are in order. The right-hand side of (1.3) is called the (reduced) Lefschetz number of the map g on the order complex ( P); while the left-hand side is the reduced Euler characteristic of the xed-point subcomplex (P g ): The formula (1.1) was rst stated, in these terms, by Baclawski and Bj orner (see BB, Theorem 1.1]), who used it to study xed points of maps on posets.
When g is an element of a group G of automorphisms of P; the equation (1.3) may be viewed as a group-equivariant version of (1.2): the trace is the character of a representation.
The preceding formulas are most useful when the homology of the poset vanishes in all but one degree r: In this case (1.3) becomes tr(g; e H r?2 (P)) = (?1) r (P g ); and hence gives a formula for the trace of g on the unique nonvanishing homology of P in terms of the M obius number of the xed-point subposet P g :
An important case when this occurs is the following. (Again, see St2] for more details.) We say that a poset P with0 and1 is Cohen-Macaulay if for every interval x; y] in P; the order complex of the open interval (x; y) has nonvanishing homology only in the highest possible degree. It can be shown that this implies that P and hence every interval x; y] is ranked, in which case the nonvanishing homology of the interval can occur only in degree rank(y) ? rank(x) ? 2: In particular the homology of P itself can occur only in degree r ?2; where r is the rank of P:
One well-known example of this phenomenon is the rank n Boolean lattice B n of subsets of f1; 2; : : : ; ng: The order complex (B n ) triangulates the unit sphere S n?2 in (n ? 1)-dimensional space. (It is the barycentric subdivision of the boundary of an (n ? 1)-simplex.) From elementary algebraic topology one knows that (for n 0) the reduced homology of a sphere S n is nonvanishing only in degree n; in which case (over the complex eld) it is a vector space of dimension 1. Since all proper intervals in B n look like smaller Boolean lattices, it follows that B n is Cohen-Macaulay, with unique nonvanishing homology in the top degree n ? 2: Hence, as a rst application of the Hopf trace formula, we nd that (B n ) = (?1) n?2 dim e H n?2 (B n ): Since the latter dimension is 1, one has the well-known result that (B n ) = (?1) n :
The symmetric group S n acts on B n by permuting the elements, and thereby induces an action on the one-dimensional top homology. The Hopf trace formula can be used to determine this action. Proposition 1.2. The symmetric group S n acts on the homology of B n like the sign representation.
Proof. Let be the transposition (1; 2): Since the action is one-dimensional, it su ces to determine the trace of on the homology. The right-hand side of (1.3) equals (?1) n tr( ; e H n?2 (B n )): The left-hand side of (1.3) is the M obius number of the subposet of B n xed by ; this is clearly isomorphic to B n?1 : Hence the left-hand side equals (B n?1 ) = (?1) n?1 :
It follows that the trace of on the top homology of B n is ?1; as claimed.
In the next section we shall continue to pursue the theme of converting an enumerative formula involving the M obius number to a group-equivariant statement, via the Hopf trace formula. One enumerative result on the M obius function which has proved to yield useful representation-theoretic formulas (see Su, Theorem where the sum runs over all chains0 < z 1 < : : : < z t <1 not in Q:
2. Products of posets.
Recall from St2] that if P and Q are posets, then the product poset P Q is de ned to be the Cartesian product of P and Q together with the partial order de ned by (x 1 ; x 2 ) (y 1 ; y 2 ) () x 1 y 1 in P and x 2 y 2 in Q:
Also recall that the M obius number of P Q is (P) (Q):
If P and Q are posets, each with0 and1; then there is a canonical homeomorphism (see Wal, Theorem 5 
where the denotes the topological join (see Mu] ) and S 0 is the (two-point) unit sphere in one dimension. Hence essentially by the K unneth formula, (see Mu, p. 373 In particular this isomorphism shows that products of Cohen-Macaulay posets are also Cohen-Macaulay.
Readers familiar with algebraic topology will know that the group-equivariant isomorphism of Proposition 2.1 below is, more generally, a consequence of the naturality of maps in the K unneth isomorphism (see Mu] ). We give a proof which illustrates the use of the Hopf trace formula when the poset has homology concentrated in a single degree. Proof. The fact that the homology of the product is concentrated in degree r + s ? 2 follows from the K unneth formula, which, from the preceding remarks, also gives the isomorphism.
To show, via the Hopf trace formula, that the isomorphism of e H r+s?2 (P Q) with e H r?2 (P) e H s?2 (Q) commutes with the action of (G P G Q ); we apply (1.3) to the poset (P Q) and the group element g = ( ; ); where 2 G P and 2 G Q : The right-hand side of (1.3) is clearly (?1) r+s times the trace of g on the homology of P Q: Since g xes an element (x; y) in P Q if and only if x 2 P is xed by and y 2 Q is xed by ; the xed-point subposet (P Q) g of the product is the product of xed-point subposets P Q : Hence the lefthand side of (1.3) is precisely the M obius function ((P Q) g ) = (P Q ): This in turn equals the product of M obius functions (P ) (Q ): By another application of (1.3) to P; ; and Q; ; we have (?1) r+s tr(g; e H r+s?2 (P Q)) = (?1) r tr( ; e H r?2 (P)) (?1) s tr( ; e H s?2 (Q)); from which it follows that tr(g; e H r+s?2 (P Q)) = tr g; e H r?2 (P) e H s?2 (Q) :
This establishes the claim. Denote by P n the product of P with itself n times. Then S n acts on P n by permuting the coordinates. If G is a group of automorphisms of P; then the wreath product S n G] is a group of automorphisms of P n : We wish to determine the representation of S n on the homology of P n : If V is an S n -module and W is a G-module, we denote by V W] the corresponding module for S n G]: As a vector space V W] is simply the tensor product of the nth tensor power of W with V: The action of G is just the diagonal action on the n-fold tensor product W n : For a precise description of the S n -action, see JK] . In this section we will be concerned only with the case in which V is a one-dimensional representation of S n ; that is, either the trivial representation or the sign representation. Thus V W] is isomorphic to W n as a vector space. An element in S n acts on W n by permuting the tensor positions according to ; and multiplying by c; where c is 1 if the representation V of S n is trivial, and equals the sign of otherwise.
We record rst the following general lemma.
Lemma 2.2. Let P be a poset with0 and1: Let be the automorphism of P P which permutes coordinates, and let Q be a subposet of P P; containing (0;0) and (1;1); such that (i) Q is invariant under and (ii) Q contains all the diagonal elements (x; x):
Then one has the equation Proof. Apply the Hopf trace formula (1.3) to the poset Q: By de nition, (x; y) = (y; x): The key observation is that by de nition of Q; all elements of the form (x; x) are in Q: Hence the xed-point subposet Q coincides with (P P) ; which in turn is clearly poset-isomorphic to P: Proposition 2.3. Let G be a group of automorphisms of a poset P with0 and1: Assume that the homology W r of P is concentrated in a single dimension r: Denote by sgn n the sign representation of S n : Then the homology of the product P n is concentrated in dimension n(r + 2) ? 2; and there is an isomorphism of S n G]-modules between e H n(r+2)?2 (P n ) and V r W r ] where V r is the representation of S n equal to (sgn n ) r : That is, V r is the sign representation if r is odd, and is trivial if r is even.
Proof. By Proposition 2.1, there is a G n = (G : : : G | {z } n )-isomorphism between e H n(r+2)?2 (P n ) and W n r : Hence, to show that the S n G]-action is as stated, we compute the trace of a transposition 2 S n ; we assume n = 2: Since permutes the two copies of P; we have (x; y) = (y; x):
Apply equation (2.1) of the preceding lemma to the product Q = P P: We obtain (2.2) (P) = X i 1 (?1) i tr( ;H i?2 (P P)):
If the homology of P is concentrated in a single degree r; (for instance when P is Cohen-Macaulay), then the homology of P P is concentrated in degree 2(r + 2) ? 2; by the K unneth formula, and equation (2.2) becomes tr( ;H 2r+2 (P P)) = (P) = (?1) r dim(W r ): But the latter term is precisely the trace of on the wreath product module V r W r ]; where V r is the one-dimensional representation (sgn 2 ) r of S 2 :
Recall that the partition lattice n is de ned to be the poset of set partitions of an n-element set, ordered by re nement. (Thus the least element is the nest partition with n blocks, in which every element is in its own block, and the greatest element is the partition with one block of size n:) Proposition 2.3 can be applied to compute the group action on the homology of lower intervals of the partition lattice. In order to state this and other similar results, we need some notation. Write n for the representation of S n on the top homology of the partition lattice n ; and h n ; e n respectively for the trivial and sign representations of S n :
If x is a set partition in n with m i blocks of size i; then the type of x is de ned to be the integer partition of n; = Q i i mi : The stabiliser of x under the action of S n ; which we sometimes denote by stab(x); is the normaliser G of the Young subgroup S ; it is a direct product of wreath product groups. Finally if V i is an S ai -module, we write V 1 V 2 ] for the wreath product; this is a module for the wreath product group S a1 S a2 ] (the normaliser of the product of a 1 copies of S a2 ).
Part ( (ii) Let P n be the poset (1;k) n of partitions of n with block sizes congruent to 1 mod k; (of rank n k ]) and let n denote the representation of S n on the top homology of (1;k) n : Let x 2 P n be of type = Q i (1 + ka i ) ma i : Then the representation of G on the homology of 0 ; x] in P n is given by f ma 1 1+ka1 ] : : : f ma j 1+kaj ] : : : ; where f ma j is the one-dimensional representation of S ma j equal to h ma j if a j is even, and equal to e ma j if a j is odd.
Proof. First note that the zero-rank one-point poset 1 ; contributes only the trivial representation to the homology. Thus 1 = h 1 : (i) First we note the well-known fact n is a geometric lattice, and hence CohenMacaulay (see Bj1] ). Since the lattice n has rank n?1; it has nonvanishing homology only in degree n ? 3: Observe that a lower interval 0 ; x] in n is isomorphic to a product of copies of j for parameters j smaller than n: This is precisely the situation where Propositions 2.3 and 2.1 apply. (ii) Note that if n is odd, then the poset P n = (1;k) n has its own greatest and least elements, while for even n the1-element must be arti cially adjoined.
Also the rank of P n is b n k c: This poset was rst studied in CHR], where the representation n was determined. The fact that it is a Cohen-Macaulay poset follows from Bj1, Theorem 6.1]: Bj orner showed that the poset is ranked and locally semimodular. Clearly a lower interval 0 ; x] in P n ; for x of the given type, is indeed isomorphic to a direct product of posets P 1+kaj ; and the result follows as before. Note that the rank of P 1+kaj is precisely a j :
These \sign twists"were also noticed by this author for lower intervals of another much-studied subposet of the partition lattice, the d-divisible lattice To see exactly what happens, write P n = d n : Then P n is a lattice of rank n;
with rank function rank(x) = n+1 minus the number of blocks of x: For x 2 P n ; the lower interval 0 ; x] is in fact a proper subposet of the appropriate product of posets P j for j < n: The di culty is introduced by the0-element, which must be arti cially appended. The action of the stabiliser subgroup stab(x) = G on the homology of the lower interval 0 ; x] in d n was determined in Su, Theorem 5.3] by a somewhat intricate argument. Our aim now is to give a simpler proof, by establishing an analogue of Proposition 2.3 for an appropriate class of posets which will include the d-divisible lattice.
The general situation which describes the \almost-product "structure of lower intervals of d n is as follows. Let P be any poset with0 and1; and let P = Pnf0;1g denote the proper part of P: We de ne the reduced product of two posets P 1 and P 2 to be the poset obtained by attaching to the product ( P 1 f1 1 g) ( P 2 f1 2 g) the minimal element f(0 1 ;0 2 )g:
We denote the reduced product by P 1 _ P 2 ; note that it is a poset with unique maximal element (1 1 ;1 2 ) and unique minimal element (0 1 ;0 2 ): It is clear how to extend this construction to an arbitrary number of posets. Also note that P 1 _ P 2 is in fact the subposet of P 1 P 2 obtained by removing all elements (x 1 ; x 2 ) such that x i equals0 i for exactly one i: More generally, a reduced product of n posets P i (with minimal elements0 i and maximal elements1 i ) is the subposet of P 1 : : : P n obtained by excluding all elements (x 1 ; : : : ; x n ) having at least one coordinate x i equal0 i ; and at least one coordinate x j di erent from0 j :
The last observation makes it clear that a lower interval (0; x) in the d-divisible partition lattice d n is a reduced product of d-divisible lattices d j for parameters j < n: A similar observation holds for the subposets (i;k) n consisting of partitions in n with all blocks sizes congruent to i mod k; where 2 i k ? 1: These posets, however, are not always Cohen-Macaulay. We defer the discussion of their homology representations to Section 4, where we shall have more general tools at our disposal.
Proposition 2.5. For i = 1; 2 let P i be Cohen-Macaulay posets of rank r i ; and let Q = P 1 _ P 2 be the reduced product of P 1 and P 2 : Then Q = P 1 _ P 2 is Cohen-Macaulay of rank r 1 + r 2 ? 1; and e H r1+r2?3 (P 1 _ P 2 ) ' e H r1+r2?2 (P 1 P 2 ):
Proof. The statement about the rank is easily veri ed.
To show that Q is Cohen-Macaulay we need to show that any interval x; y] of Q has nonvanishing homology only in the top dimension. Note that an interval x; y] in Q coincides with the interval x; y] in P 1 P 2 if x 6 = (0 1 ;0 2 ): Since ordinary products of Cohen-Macaulay posets are well-known to be Cohen-Macaulay (see Section 1), it is enough to consider intervals x; y] where x = (0 1 ;0 2 ): Since such intervals are clearly in turn reduced products I 1 _ I 2 of intervals I j of P j ; j = 1; 2; it su ces to give the argument for the whole poset Q:
A theorem of Quillen Qui, Proposition 1.9] states that if Q i ; i = 1; 2; are posets, and Q 0 i is obtained from Q i by attaching a unique maximal element1 i ; (topologically the order complex (Q 0 i ) of Q 0 i is a cone over the order complex of Q i ) then the order complex of chains of the poset Q 0 1 Q 0 2 nf(1 1 ;1 2 )g is homeomorphic to the join of the order complexes of Q 1 and Q 2 : It now follows from the K unneth theorem of algebraic topology (see Mu, Exercise 3, p. 373] 
Now observe that our de nition of reduced product coincides with Quillen's construction, if we take for Q i the proper part of the Cohen-Macaulay poset P i : Recall from Section 1 that the homology of the poset P is de ned to be the homology of the order complex of its proper part P: Hence we have e H j+1 (P 1 _ P 2 ) = M p1+p2=j e H p1 (P 1 ) e H p2 (P 2 ):
Using the fact that P i is Cohen-Macaulay, we obtain that the reduced product has nonvanishing homology only in degree (r 1 + r 2 ? 3); in which case the homology is isomorphic to e H r1?2 (P 1 ) e H r2?2 (P 2 ): Finally (again by the K unneth theorem), this latter expression is precisely the unique nonvanishing homology of the ordinary product poset P 1 P 2 ; in degree r 1 + r 2 ? 2:
The isomorphism of the preceding proposition can be made group-equivariant, presumably by a more careful examination of Quillen's homeomorphism. However, for the bene t of readers who are less topologically inclined, and in order to keep our treatment self-contained, we shall give a more elementary proof by using the Hopf trace formula.
Proposition 2.6. For i = 1; 2; let P i be Cohen-Macaulay posets of rank r i ; and let Q be the reduced product of P 1 and P 2 : Then the homology of Q (in degree r 1 + r 2 ? 3) is isomorphic to the homology of P 1 P 2 ; and hence to e H r1?2 (P 1 ) e H r2?2 (P 2 ); furthermore, if G i is a group of automorphisms of P i ; then G 1 G 2 acts on Q; and the two homology modules are isomorphic as (G 1 G 2 )-modules.
Proof. In the present case Proposition 1.3 gives (2.3) (Q) ? (P 1 P 2 ) = X (?1) t P1 P2 ((0 1 ;0 2 ); z 1 ) P1 P2 (z 1 ; z 2 ) : : : P1 P2 (z t ; (1 1 ;1 2 )); where the sum runs over all chains (0 1 ;0 2 ) < z 1 < : : : < z t < (1 1 ;1 2 ) not in Q:
Let (g; h) be an element of G 1 G 2 : Recall that, because Q is Cohen-Macaulay, the trace of (g; h) on the top homology of Q is given by the M obius number of the xed-point subposet Q (g;h) of Q; times (?1) rank Q : We shall apply (2.3) to the appropriate xed-point subposets, thereby converting the enumerative statement to a statement about the character values. In this case, noting that the subposet of P 1 P 2 xed by (g; h) is in fact the product P g 1 P h 2 ; the equation (2.3) becomes (2.4) (Q (g;h) ) ? (P g 1 P h
2 ) = X (?1) t P g 1 P h 2 ((0 1 ;0 2 ); z 1 ) P g 1 P h 2 (z 1 ; z 2 ) : : : P g 1 P h 2 (z t ; (1 1 ;1 2 )); where the sum now runs over all chains (0 1 ;0 2 ) < z 1 < : : : < z t < (1 1 ;1 2 ) which are in P g 1 P h 2 but not in Q (g;h) :
Since elements not in Q are of the form (0 1 ; y) or (x;0 2 ) where x 2 P 1 ; y 2 P 2 ;
it is clear that every chain c 1 = (0 1 < x 1 < : : : < x t 1 1 ) in P g 1 contributes exactly one chain in the above sum, namely the chain whose ith element is (x i ;0 2 ); here 1 i t:
The summand in (2.4) corresponding to this chain is easily seen to be F g 1 (t;0 1 < x 1 < : : : < x t 1 1 ) = (?1) t P g 1 (0 1 ; x 1 ) P g 1 (x 1 ; x 2 ) : : : P g 1 (x t?1 ; x t ) P g 1 (x t ;1 1 ) P h 2 (0 2 ;1 2 ); here we have used the fact that, in the product poset P 1 P 2 ; the xed-point M obius number P1 P2 (g;h) ((a 1 ; a 2 ); (b 1 ; b 2 )) equals P g 1 (a 1 ; a 2 ) P h 2 (b 1 ; b 2 ): By symmetry, it is clear that similarly every chain c 2 = (0 2 < y 1 < : : : < y t 1 2 ) in P h 2 contributes exactly one chain in the above sum, namely the chain whose ith element is (0 1 ; y i ); and the corresponding summand is given by the expression F h 2 (t;0 2 < y 1 < : : : < y t 1 2 ) = (?1) t P h 2 (0 2 ; y 1 ) P h 2 (y 1 ; y 2 ) : : : P h 2 (y t?1 ; y t ) P h 2 (y t ;1 2 ) P g 1 (0 1 ;1 1 ): Clearly these chains account for all the terms in the right-hand side of (2.4). Hence the right-hand side of (2.4) is in fact r1 X t=1 X F g 1 (t;0 1 < x 1 < : : : < x t 1 1 ) + r2 X t=1 X F h 2 (t;0 2 < y 1 < : : : < y t 1 2 );
where each x i is xed by g; and each y i is xed by h:
Next observe that for xed t; terms of the form F g 1 (t;0 1 < x 1 < : : : < x t = 1 1 ) cancel out terms of the form F g 1 (t ? 1;0 1 < x 1 < : : : < x t?1 < 1 1 ): A similar observation applies to the expressions F h 2 : By following this cancellation from t = r i (chains of maximum length in P i ) down to t = 1; we nd that equation (2.4) reduces to (Q (g;h) ) ? (P g 1 P h
2 ) = F g 1 (1;0 1 < x 1 =1 1 ) + F h 2 (1;0 2 < y 1 =1 2 ) = ?2 P g 1 (0 1 ;1 1 ) P h 2 (0 2 ;1 2 ): and hence (Q (g;h) ) = ? (P g 1 P h
2 ): Finally recall that the ranks of Q and P 1 P 2 di er by exactly one; this absorbs the extra minus sign in the above equation, giving tr((g; h); e H r1+r2?3 (Q)) = tr((g; h); e H r1+r2?2 (P 1 P 2 )); as claimed.
Remark 2.6.1. By specialising the equation (Q (g;h) ) = ? (P g 1 P h 2 ) to the case when g and h are the respective identity elements of the groups G i ; we nd the M obius number of the reduced product to be (Q) = ? (P 1 ) (P 2 ):
Now we examine the group action on the homology of the reduced product poset Q: Note how the conclusion about the sign twists di ers from Proposition 2.3.
Proposition 2.7. Let P be a Cohen-Macaulay poset with homology W r concentrated in degree r; and let _ P n be the n-fold reduced product poset P _ : : : _ P | {z } n :
Then the action of S n G] on the homology of _ P n is given by (sgn n ) r?1 W r ]:
Proof. In view of Proposition 2.6, as in the proof of Proposition 2.3 it su ces to compute the trace of a transposition ; and hence to consider the case n = 2: Noting that _ P 2 satis es the hypotheses of Lemma 2.2, we need only observe that in this case, _ P 2 has homology in degree 2r + 1; (while P P has homology in degree 2r + 2). Hence from equation (2.1) of Lemma 2.2, the trace of (which permutes the two copies of P) on the homology of _ P 2 equals ? (P): The result now follows from Proposition 2.6.
The analogue of Corollary 2.4 for the d-divisible lattice now follows immediately from the preceding proposition. Note that Proposition 2.3, used with the incorrect assumption that for x in d n ; the interval 0 ; x] is a product of d j for j < n; would predict the wrong result for the homology of the interval: we leave it to the reader to check that the predicted sign twists would be exactly the opposite of what they should be. Let P be a poset with least and greatest elements, and let Alt(P) denote the alternating sum, by degree, of the (reduced) top homology modules of P: That is, Alt(P) is the virtual module X i ?1 (?1) i e H i (P): By (1.2), the virtual dimension of Alt(P) is precisely the M obius number (P) of P:
Now let G be a group of automorphisms of P: As above, let P n and _ P n denote respectively the n-fold product and the n-fold reduced product of P with itself. Then the homology modules e H(P n ) and e H( _ P n ) are both S n G]-modules.
Consider rst the case of the ordinary product. (P) suggests that the action of G on the homology of P induces the G n -action on Alt(P n ) via the isomorphism (2.5) Alt(P n ) ' Alt(P) n ;
This can be shown exactly as in Proposition 2.1, by interpreting the statement of the Hopf trace formula in the context of virtual modules: one has only to take care at each step to interpret the value of the M obius function as the trace on a virtual module. (Alternatively, it follows from general considerations by using the K unneth formula.) In the case of reduced products, it is instructive to examine the isomorphism in each degree given by the K unneth formula and Quillen's theorem (cf. proof of Proposition 2.5) Note the extra (n ? 1)th power of (?1) attached to the homology of the reduced product. Hence the correct statement for reduced products is that the action of G on the homology of P induces a G n -action on the virtual module (?1) n?1 Alt( _ P n ); via the isomorphism (2.6) (?1) n?1 Alt( _ P n ) ' Alt(P) n :
Again, one can give a self-contained and elementary proof of this isomorphism by mimicking the proof of Proposition 2.6 and interpreting the M obius numbers as traces on virtual modules. Note in particular (cf. Remark 2.6.1) that ( _ P n ) = (?1) n?1 (P) n :
We record the analogue of Proposition 2.1 for these virtual modules below, in the form most appropriate for the results of the following sections.
Proposition 2.9. Let P i ; i = 1; : : :; k; be posets each with0 and1; and let G i be a group of automorphisms of P i : Let Proof. By interpreting the xed-point M obius function as a trace on the virtual module in the proofs of Propositions 2.1 and 2.6, we nd that for any posets P 1 and P 2 ; as in (2.5) and (2.6) there are (G 1 G 2 )-equivariant homomorphisms Alt(P 1 P 2 ) ' Alt(P 1 ) Alt(P 2 ); (?1)Alt(P 1 _ P 2 ) ' Alt(P 1 ) Alt(P 2 ):
To obtain the sign in the statement about the reduced products, we compute, by iterating (2.6), that (?1) r?1 Alt( _ P) ' (?1) r?1 (?1) k?1 k i=1 Alt( _ P i mi )
' (?1) r+k k i=1 (?1) mi?1 Alt(P i ) mi ; which veri es the result. Now we shall show that the virtual modules Alt(P n ) and (?1) n?1 Alt( _ P n ) are in fact S n G]-modules, and more precisely that Alt(P n ) ' f n Alt(P)]; (?1) n?1 Alt( _ P n ) ' g n Alt(P)];
where f n ; g n ; are one-dimensional representations of S n : In view of the preceding remarks, in order to determine the virtual S n G]-module structure it remains to determine the action of S n in each case. The analogues of Propositions 2.3 and 2.7 are as follows. Recall that h n and e n denote respectively the trivial and sign representations of S n :
Theorem 2.10. Under the preceding hypotheses, the action of S n G] (i) on the virtual module Alt(P n ) is given by h n Alt(P )]; (ii) on the virtual module (?1) n?1 Alt( _ P n ) is given by e n Alt(P )]:
Proof. By arguments as in Proposition 2.3, it su ces to consider the case n = 2: As before, let be the transposition in S 2 ; which acts by switching coordinates in P P: Equation (2.1) of Lemma 2.2 gives (2.7) tr( ; Alt(P 2 )) = (P) = dim(Alt(P)): (i) Since Alt(P 2 ) is isomorphic to Alt(P) Alt(P); the result follows.
(ii) This time we have a shift in dimension by 1; as observed in (2.6) above. That is, as virtual modules (?1)Alt( _ P 2 ) is isomorphic to Alt(P) Alt(P): Hence, applying Lemma 2.2 to the poset _ P 2 ; from (2.1) we have (2.8) tr( ; ?Alt( _ P 2 )) = (?1) tr( ; Alt( _ P 2 )) = sgn( ) dim(Alt(P)); as claimed. Proposition 2.3 can be generalised in a more explicit form, to posets with homology occurring in arbitrary degrees. This result appears in SWe2, Theorem 1.1]. Unfortunately the Hopf trace formula can no longer be used in the proof, because it fails to isolate the contribution to homology by degree. The proof in SWe2] is topological.
3. Partitions with block sizes restricted to T : the case 1 2 T.
In this section we use the result on the sign twists of the symmetric group S n on a product of posets, Theorem 2.10, to derive plethystic identities for the homology representation of other posets. The posets of this section were rst considered systematically by Bj orner and Lov asz ( BL] ), who determined generating functions for the M obius numbers and the characteristic polynomial. We recover these results as a special case of our representation-theoretic equation. Our general plethystic equation (3.1) specialises to an intriguing identity (3.3) for the homology representation of the k-equal lattice. If is an integer partition of n; write `n: Also let`( ) denote the number of parts of : If x 2 n;T has type ; denote by G x the stabiliser of x in S n :
Then G x is the normaliser N(S ) of the Young subgroup S in S n ; hence is a direct product of wreath product groups as described in Section 2.
Write r n;T for the Frobenius characteristic of the S n -action on the homology of n;T in degree r: Also write n;T for the characteristic of the alternating sum of homology modules P r ?1 (?1) r e H r ( n;T ); so that n;T = X r ?1 (?1) r r n;T :
In particular s 1;T equals h 1 if s = 0; and zero otherwise. For n k and 2 r < n; de ne V r ( n;T ) to be the virtual module V r ( n;T ) = X x2 n;T x has r blocks X k ?1
De ne V n ( n;T ) to be the trivial S n -module. Also set V 1 ( n;T ) to be the alternating sum of the top homology modules of n;T ; i.e., V 1 ( n;T ) = X k ?1 (?1) k e H k (0;1):
Our conventions imply that the Frobenius characteristic of V 1 ( n;T ) is n;T ; and that the M obius number ( n;T ) is the coe cient of any square-free monomial in n;T :
The product poset theorem may now be reformulated in an S n -equivariant way as follows. provided 2 r n or r = 1 and n 2 T: Proof. We shall apply Proposition 2.9 and Theorem 2.10. Note that by the preceding remarks, the characteristic of V n ( n;T ) is h n ; and this agrees with the degree n term in the plethysm of the formula.
If r = 1 and n 2 T the statement follows from the preceding de nitions, so we assume 2 r < n: By de nition, as an S n -module, V r ( n;T ) is isomorphic to `n;`( )=r W ;
where, for any x 2 n;T of type ; W is the alternating sum of induced modules : From standard properties of the plethysm operation, we conclude that the characteristic of V r ( n;T ) is the degree n term in h r P i2T i;T ]; as claimed. Next we need to recall the de nition of Whitney homology for a poset. This was originally de ned by Baclawski ( Ba1] ). We shall use the following equivalent de nition of Whitney homology, due to Bj orner ( Bj2, Theorem 5.1]). This formulation brings out the usefulness of the concept for posets and subspace arrangements. In Su] the following important property, the acyclicity of Whitney homology for posets, was established using Baclawski's original de nition.
Proposition 3.3. ( Su, Lemma 1.1]) Let P be a poset with least element0 and greatest element1; let G be the automorphism group of P: Assume that the Whitney homology groups are free in all degrees. Then each Whitney homology is a G-module. If r is the maximum length of a chain from0 to1 in P; then as a virtual sum of G-modules, one has WH r (P) ? WH r?1 (P) + : : : + (?1) r?1 WH 1 (P) + (?1) r WH 0 (P) = 0;
here WH 0 (P) is interpreted as the trivial G-module.
Proof. For this proof we make the mild assumption that the group G is nite. For the general case, see Su, Lemma 1.1]. In keeping with the spirit of this paper, our proof uses the Hopf trace formula. In particular, this proof will show that the result is simply a group-equivariant version of the de ning recursion for the M obius function of a poset.
Let g be an element of the group G: It su ces to show that the trace of g on the alternating sum of the Whitney homology groups is zero. From De nition 3.2, it is clear that, as a virtual G-module, the alternating sum of Whitney homology groups in fact equals the sum of induced (virtual) modules where we have used equation (1.3), and written P h for the subposet of P consisting of points xed by h: Since u ?1 gu 2 G x if and only if g 2 G u x ; that is, if and only if u x is xed by g; we can replace the two sums in the latter expression by a single sum running over the xed-point poset P g :
Hence the alternating sum of traces equals vanishes if n 2 T; and equals ? n;T if n = 2 T: If 1 n < k; it is clear that the degree n term in the plethysm is h n : The identity follows. Now we apply this identity to some familiarexamples. The results of Examples 3.6 and 3.7 are due respectively to Stanley and to Calderbank, Hanlon and Robinson (see CHR] ). They may also be derived by applying the acyclicity of Whitney homology to the dual poset; see Su, Example 1.6].
Example 3.6. Take T to be the set of all positive integers. In this case n;T = n : Since the partition lattice is Cohen-Macaulay, it has nonvanishing homology only in the top dimension n ? 3; and hence n;T = (?1) n?3 n?3 n;T : Writing n for the characteristic of the S n action on the top homology of n ; in this case we obtain the following well-known generating function identity for n :
Equivalently, the alternating sum P n 1 (?1) n?1 n is the plethystic inverse of the sum The homology representations r n;k in degree r were determined in SWa]. See also Section 5.
Let S k?1 (n; i) denote the number of nonempty set partitions of n into i blocks of sizes 1; : : : ; k ? 1:
Corollary 3.9. BLY, Corollary 5.3] The M obius number of (k;1 n?k ) is given by ( (k;1 n?k ) ) = X i 1 (?1) i?1 (i ? 1)!S k?1 (n; i):
Proof. It su ces to compute the (virtual) dimension of the S n -module encoded by the degree n term in each side of the identity (3.3) of Example 3.8. Note that on the left we obtain the alternating sum of the Betti numbers of (k;1 n?k ) ; which is indeed the M obius number. On the right-hand side one computes the dimension using Su, Lemma 1.5].
It was shown in BWe], where the lattice (k;1 n?k ) was rst studied for its topological properties, that the homology of (k;1 n?k ) is nonvanishing only in dimensions n?3?t(k ?2): In particular, if k is even, this means that the degree n term in the alternating sum of homology modules is in fact (?1) n?3 times a representation of S n : Hence we have the curious observation is (?1) n?3 times the Frobenius characteristic of a (nonvirtual) representation of S n (namely, the sum of the homology modules of (k;1 n?k ) ). In particular, if k 3 is even, the M obius number of the k-equal lattice (k;1 n?k ) is never zero. On the other hand for odd k; it is easy to check that the alternating sum of homology modules of (k;1 n?k ) usually contains irreducibles with both positive and negative multiplicity. When k = 3; the smallest example occurs for n = 6: One computes that 6;3 = 2 6;3 ? 1 6;3 = (3; 1 3 ) ? (5; 1) ? (3; 3); where the integer partitions index the corresponding irreducibles. More generally, Bj orner and Lov asz ( BL] ) show that when k is odd, the M obius number of (k;1 k ) is zero, and hence the case n = 2k provides a counter-example for odd k: Theorem 3.5, or more precisely equation (3.2), also contains much of the enumerative information of the poset. In order to keep our treatment self-contained, we now show how the results of BL] on the M obius function and the characteristic polynomial follow by specialising the equations (3.1) and (3.2). The methods described below are used in the next section to obtain new formulas for a different class of posets. It should be pointed out that if one were interested in computing only the M obius number and the characteristic polynomial (as dened below), there are more traditional combinatorial methods, most notably Stanley's theory of exponential structures and the compositional formula (see St3, Theorem 5.1.4]). In fact the plethystic identities of this section and the next may be viewed as representation-theoretic analogues of the enumerative formulas that would arise by using the techniques of St3, Chapter 5].
Denote by p T (x) the power-series In particular`1(t) = t: In particular, the term involving only powers of p 1 is given by the degree n term in (1 + p 1 ) t : As in BL], for n k de ne the characteristic polynomial of the poset n;T to be n;T (t) = X x2 n;T Proof. Write T for the symmetric function P k?1 i=1 h i ? P m= 2T m k m;T : Observe that for n k; n;T (t) is n! times the square-free term in the sum P r 1 t r ch(V r ( n;T ): Using (3.2), (3.1) and Theorem 3.1, we have Now we extract the square-free term on each side. This in turn can be achieved by extracting the terms involving only the rst power-sum p 1 ; as in Corollary 3.11. The expression involving only powers of p 1 on the left is precisely G T (p 1 ; t); on the right, using Lemma 3.12, it consists of the terms involving only p 1 in the expression (1 + p 1 ) t T ] = (1 + T ) t :
But the terms supported by powers of p 1 in T are given by p T (p 1 ); where p T (x) is the power-series of Corollary 3.12. Hence we have (3.4) G T (p 1 ; t) = (1 + p T (p 1 )) t :
Replacing p 1 by x gives the assertion. By extracting the coe cient of x n on both sides of this equation, one obtains an explicit expression for the characteristic polynomial of n;T as follows.
Corollary 3.14. Let n 2 T: Then n;T (t) equals where r( ) denotes the number of partitions in n of type ; and the inner sum runs over all integer partitions none of whose parts belong to T; except for parts equal to 1.
In particular for the k-equal lattice one has the following formula:
(3.5) n;T (t) = De ne the symmetric functions r n;T ; n;T exactly as in the previous section, with T replacing T: Thus d;T = ?h d : Also for 1 < r < n; de ne the virtual module V r ( n;T ) to be V r ( n;T ) = X x2 n;T x has r blocks X k ?1
De ne V n ( n;T ) to be the trivial S n -module. Also set V 1 ( n;T ) to be the alternating sum of the top homology modules of n;T ; i.e., V 1 ( n;T ) = In all other cases V r ( n;T ) is the zero module. Our conventions imply that the Frobenius characteristic of V 1 ( n;T ) is n;T ; and that the M obius number ( n;T ) is the coe cient of the square-free monomial in n;T :
We have, in analogy with Theorem 3.1, Theorem 4. Recall that when r = n; by convention V r ( n;T ) is the trivial S n -module, and hence has characteristic equal to h n : Using Corollary 3.4, we have the analogue of Theorem 3.5. The functions m;T encoding the alternating sum of the top homology modules of m;T are completely determined by the following generating function. ; and hence equals ?h n = ? ch(V n ( n;T )) in this case. If n = 2 T ; n d; the degree n term is the characteristic of P r 2 V r ( n;T ) and hence equals ? ch(V n ( n;T ) + V 1 ( n;T )) = ? n;T ? h n :
We consider some examples. First we recall (see St2]) that in any poset P; an element y is said to cover an element x if there is no element z such that x < z < y: For a poset P with0; we shall say x is an atom if x covers0: As a nal example of reduced products, we consider the following natural extension of the preceding one, and also of Example 3.7 (partitions with block sizes congruent to 1 modulo k 0 ). This example is somewhat intriguing because while it seems to be closely related to both the d-divisible and the 1 mod k 0 cases, (cf. formula (4.6) below) it is not, in general, ranked, and therefore not Cohen-Macaulay. Again, as in Example 4.4, it would be interesting to see if a shelling exists for these posets. where n is the character on the top homology of the poset (1;k) n as in Example 3.7. Note the similarity between (4.7) and the formula of Example 4.5 for the d-divisible lattice.
As in Example 3.7, (4.5) and (4.6) give the following enumerative formulas for the M obius numbers. (See St3, Chapter 5] for techniques for solving such equations.) Let M (d; k0) r (x) be the exponential generating function for the M obius number of n;T as n ranges over all values congruent to r mod k 0 : De ne G r;k0 (x) Formula (4.6) can also be explained by observing that in general, y covers an element x 6 =0 in the poset (d;k0) n if and only if y is obtained from x by merging 1 + k d blocks; this is the least value of t such that dt is congruent to d mod k 0 :
In other words, for x 6 =0 the upper interval x;1] is poset-isomorphic to the poset 1;kd n of Example 3.7 (in particular it is Cohen-Macaulay). Now (4.6) can be derived by using the acyclicity of the Whitney homology of the dual poset, as in Su].
In general, atoms in (d;k0) n can have types of the form ((d+k 0 ) a ; d b ) for more than one choice of the pair (a; b): Hence the remarks of the preceding paragraph show that the poset is not ranked. An example is (2;3) 14 : Here the atoms are of types (2 7 ) (seven blocks of size 2) and (5 2 ; 2 2 ) (two blocks of size 5 and two of size 2). Covering relations in the poset are described by merging 4 blocks at a time. There are thus two maximal chains of di erent lengths: the atom of type (2 7 ) is covered by an element of type (8; 2 3 ); while the atom of type (5 2 ; 2 2 ) is covered by1:
Now we return to the case of arbitrary T : As in the previous section, generating functions for the M obius number and the characteristic polynomial follow easily. Denote by p T (x) the power-series ( n;T ) x n n! :
The analogue of Corollary 3.13 is As noted in the Introduction, in the case where homology occurs in arbitrary degrees, the formulas of Theorems 3.5 and 4.2 fail to isolate the contribution to the homology of the poset by degree. For the k-equal partition lattice (k;1 n?k ) ; more precise topological information was used in SWa] to determine the homology representations by degree, that is, the symmetric functions r n;k : We now indicate how the formula of SWa, Theorem 3.2] for r n;k can be predicted from the identity (3. We are therefore led to make the following conjecture. Conjecture. Let T be any subset containing 1, such that the poset n;T is not Cohen-Macaulay. The degree n term in the plethysm (?1) t?1 t ? T ] is precisely (?1) r times the characteristic r n;T of the homology of n;T in some degree r = r(t) uniquely determined by t:
The conjecture predicts that the degrees of nonvanishing homology are indexed by parameters t between 1 and b n k c: Furthermore, the homology representation in the degree indexed by t is given by the plethysm of the partition lattice character t ; together with a virtual character. By an identical argument one can obtain an analogue of Proposition 5.1 for the posets considered in Section 4.
